Let (R, m) be a local ring of prime characteristic p and of dimension d with the embedding dimension v. Suppose the Frobenius test exponent for parameter ideals F te(R) of R is finite, and let Q = p F te(R) . It is shown that
Introduction
Throughout this paper, let (R, m) be a Noetherian commutative local ring of prime characteristic p > 0 and of dimension d. Our work is inspired by the work of Huneke and Watanabe [6] in what they gave an upper bound of the multiplicity e(R) of an F -pure ring R in term of the embedding dimension v. Namely, Huneke and Watanabe proved that
for any F -pure ring. In the case R is F -rational, the authors of [6] provided a better bound that e(R) ≤ v−1 d−1 (cf. [6, Theorem 3.1] ). Recently, Katzman and Zhang tried to remove the F -pure condition in Huneke-Watanabe's theorem by using the Hartshorne-Speiser-Lyubeznik number HSL(R). Notice that HLS(R) = 0 if R is F -injective (e.g. R is F -pure). If R is Cohen-Macaulay, Katzman F te(R) = HSL(R). Moreover the question of Katzman and Sharp has affirmative answers when R is generalized Cohen-Macaulay by [5] and R is F -nilpotent by [14] (see the next section for the details). The main result of the present paper as follows.
where Q = p F te(R) .
We will prove the above theorem in the last section. In the next section we collect some useful materials.
Preliminaries
F -singularities. We firstly give the definition of the tight closure and the Frobenius closure of ideals. 3, 4] ). Let R have characteristic p. We denote by R • the set of elements of R that are not contained in any minimal prime ideal.Then for any ideal I of R we define (1) The Frobenius closure of I,
We next recall some classes of F -singularities mentioned in this paper.
Cohen-Macaulay local ring and every parameter ideal is tight closed, i.e. q * = q for all q. [15] ). The Hartshorne-Speiser-Lyubeznik number of R is HSL(R) = max{HSL(H i m (R)) | i = 0, . . . , d}.
Remark 2.6.
(1) If R is Cohen-Macaulay then F te(R) = HSL(R) by Katzman and Sharp [8] . In general, the authors of this paper proved in [7] that F te(R) ≥ HSL(R). Moreover, Shimomoto and the second author constructed a local ring satisfying that HSL(R) = 0, i.e. R is F -injective, but F te(R) > 0.
(2) Huneke, Katzman, Sharp and Yao [5] gave an affirmative answer for the question of Katzman and Sharp for generalized Cohen-Macaulay rings. (3) Recently, the second author [14] gave a simple proof for the theorem of Huneke, Katzman, Sharp and Yao. By the same method he also proved that F te(R) < ∞ if R is F -nilpotent. Very recently, Maddox [11] extended this result for generalized F -nilpotent rings.
Proof of the main result
This section is devoted to prove the main result of this paper. Without loss of generality we will assume that R is complete with an infinite residue field. We need the following key lemma.
Lemma 3.1. Let (R, m) be a local ring of dimension d, and q a parameter ideal.
(1) If R is F -nilpotent then q d ⊆ q F , where I is the integral closure of ideal I.
(2) In general we have q d+1 ⊆ q F .
Proof.
(1) By the Briançon-Skoda type theorem [3, Theorem 5.6] we have q d ⊆ q * . The assertion now follows from Remark 2.5(4).
(2) The assertion follows from [9, Theorem 2.2] 1 .
We prove the main result of this paper.
Theorem 3.2. Let (R, m) be a local ring of dimension d with the embedding dimension v.
Proof. Because the proofs of two assertions are almost the same, we will only prove (1). Since R is F -nilpotent we have F te(R) < ∞ by Remark 2.6(3 
where 0 ≤ α 1 , . . . , α d , γ 1 , . . . , γ v−d < Q and 0 ≤ β 1 + · · · + β v−d < d. The number of such monomials is
Since q is a parameter ideal we have e(q [Q] ) = Q d e(q) = Q d e(R) and e(q [Q] ) ≤ ℓ R (R/q [Q] ). Hence
The proof is complete. 1 In fact Katzman and Zhang [9, Theorem 2.2] needed to assume that every c ∈ R • is a non-zero divisor, i.e. R has no embedded primes. However, we can easily remove this condition by passing to the quotient ring R/a, where a is the intersection of primary ideals corresponding to minimal primes in a primary decomposition of the zero ideal.
